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SUMMARY

Asymptotic solutions representing slowly varying wavetrains are obtained for two-dimensional irrotational surface
waves of finite amplitude on water of finite depth (Stokes waves) by means of a formal perturbation procedure. The
resulting partial differential equations for wavenumber, frequency, amplitude, mean waveheight and mean velocity
are identical with those found by Whitham [1], [2] using the averaged Lagrangian density method.

1. Introduction

Asymptotic solutions in the form of slowly varying wavetrains, i.e. waves for which the wave-
number, frequency, amplitude, etc. change only by a very small fraction of themselves within
one period or one wavelength, have been obtained recently for Stokes waves by Whitham [1],
[2] who used his averaged Lagrangian density method. In this paper we will derive the same
results (a set of pertial differential equations for wavenumber, frequency, amplitude, mean
waveheight and mean velocity) by means of an asymptotic representation of slowly varying
wavetrains, which has proved to be also successful in the case of non-linear shallow water
waves (Hoogstraten [3]).

The general formulation of the boundary value problem for the velocity potential of two-
dimensional irrotational surface waves of finite amplitude on water of finite depth (Stokes
waves) is as follows : within the fluid, bounded by the free surface y=#(x, t) and the bottom
y= — h,, we have a velocity potential ®(x, y, t) with v = V&, satisfying the Laplace equation:

d.+d,=0. (1.1)
On the free surface the kinematical condition should be satisfied :

1+ 1. [B]y—y— [B,],-, =0, (1.2)
and the condition of constant pressure:

gn+ [+ 3($2+ $2)], -, = constant (=) . (1.3)
At the bottom y= — h, holds the condition: :

[$,],- 4 =0. (1.4)

We are interested in finding asymptotic solutions to this problem representing slowly varying
wavetrains with wavelength of order unity. Taking K ~!, with K > 1, as a measure for the slow
variations of amplitude, frequency, etc., it is useful to introduce stretched coordinates x* = x/K,
t*=t/K. The vertical coordinate y is left undisturbed because the wave propagation is in the
x~- and t-direction only.

After omission of the asterisks the boundary value problem for &(x, y, t) is transformed into

., +K>*®,=0, for —hy<y<n(x,t) (1.5)
[,],= -4, =0, (1.6)
K[®,],-,+3[S2+K*P7],_,+9K*n=0, (1.7)
Kn+1,[8.],-,— K*[$,],-,=0, (1.8)

where the Bernoulli constant y has been absorbed into the potential &.
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46 H. W. Hoogstraten
2. Asymptotic Expansion with Respect to K

In terms of the stretched coordinates x and ¢ each unit contains a large number (of order of
magnitude K) wavelengths and periods respectively. Defining a phase function S(x, t) by
requiring that the derivative of & or # normal to a wavefront S(x, t)=constant is large of order
K compared to the tangential derivative, we may introduce the following asymptotic expansion
for a slowly varying wavetrain : (see also [3])

B(x, y, t) = Ky (x, ) + D[KS(x, 1), x, y, t] + ¥, (x, t) +

+ %x[KS(x, X,y t] + %(—1//2(x, )+0 <k1—2> , (2.1)
n(x, t)= U[KS(x,t), x, t] + ;E V[KS(x,t), x, t]+0 <~IEI§> , (2.2)

with @, y, U and V bounded functions for all values of x, y and ¢. The functions ¥, ¥, and ¥,
account for the unbounded parts of & resulting from the presence of a mean velocity and from
the absorption of the Bernoulli constant into @. However, the derivatives of these unbounded
terms should be bounded again for all values of x, y and ¢.

Defining the local wavenumber k=S, and the local frequency w= S, and introducing
the notations:

p=KS(x=t)’ ﬁ=lpx, y=—Y,, ﬁi=¢ix’ ’yi=—¢il’ (l=1’2)

we insert asymptotic expansions (2.1) and (2.2) into boundary value problem (1.5)—(1.8) for ]
and n. Collecting powers of K and equating their coefficients to zero successively, the highest
power of K yields a boundary value problem involving ®(p, x, y, t), U(p, x, t) and ¥(x, t):

kK*®,,+,=0, for —ho<y<U(p,'x,t), (2:3)
®,=0, on y=—hy, (2.4)
gU+ (B — ), +3(P2+ 12 ®2)=y—3p*, on y=U(p,x, 1), (2:5)
(Brx—)U,+x*U,®,—®,=0, on y="U(p, x,t), (2.6)

whereas the next power of K gives a boundary value problem containing the second order
terms x(p, X, y, t), V(p, x, t) and ¥, (x, t):

K2 fppt Aoy = — K5 @, — 2K, — B, for —ho<y<U(p, x,t), 2.7
1,=0, on y=—ho, (28)

V[—a)dspy_i'(B+K¢p)'c¢py+q§y¢yy+g] + xp[—a)+x(ﬂ+1cd§p)] +9, Xy+ﬁﬁ1_y1 =
=—-0,—(f+xd,)P,, on y=U(p, x,t), (2.9)

V,[—o+r(B+xb)]+x>U, 1,— %,+ V[K* U@y — P, ] + B kU, =
= ~U-~-xU,®,—(B+x®,)U,, on y=U(p,x,t). - (2.10)

Note that in these problems the free surface condition has to be satisfied on the curve y= Ul(p,
X, ).

'lzhe boundary value problem for @, U and ¥ is seen to be exactly identical with the problem
for the uniform periodic wavetrain which is given in the Appendix by equation (A.2) and
boundary conditions (A.3), (A.4) and (A.5) with 0 replaced by p. The solution is given as two
asymptotic power series in ¢=xa for @ and U, where a is a measure for the amplitude of the
wave. Hence the leading terms & and U of the asymptotic expansion for the slowly varying
wavetrain may be given up to terms of order &*:

Journal of Engineering Math., Vol. 3 (1969) 45-54



Non-linear dispersion of Stokes waves 47
®(p, x, y, t) = A, cosh [k(ho+y)] sin p+ A4, cosh [2x(he+y)] sin 2p+0(e),  {2.11)
Ul(p, x, t)=b+a cos p+a, cos 2p+O0(g>), (2.12)

with 4,=0(¢), 4,=0(c*) and a,=0(c*) defined by equations (A.14), (A.21) and (A.22) from
the Appendix.

The leading terms of the asymptotic representation for slowly varying wavetrains represent
locally a uniform wavetrain and contain six slowly varying parameters, viz. the wavenumber
x (x, t) and frequency (x, t), which are of order unity, the amplitude a(x, t), which is of order ¢,
and the mean waveheight b(x, ), the mean velocity B(x, t) and the pseudo-frequency y(x, ¢),
which are of order 2. In the Appendix two relations between these quantities have been
obtained, viz. dispersion relation (A.23):

2

b D
9oK + igrPa® =2, (2.13)

W = o)+ fre + 2w, cosh?xh, Wy

where
9 tgh*xh,— 10 tgh®xhy+9

wA(K) = g tgh o , Dy =

8 tgh3kh, ’
and pseudo-dispersion relation (A.24):
2
ey Ra
95 =Y = 5 Ginh 2k, (2.14)

Furthermore two relations follow from the definition of x, w, § and v:
Keto,=0, Bi+7.=0. (2.15a, b)

The two remaining equations will be obtained in the next section by imposing conditions of
boundedness on the second terms ¥ (p, x, y, t) and V(p, x, t) of the asymptotic representations
(2.1) and (2.2) for slowly varying wavetrains.

3. The Boundary Value Problem Involving x(p, x, y, 1), V(p, x, t) and ¥ ,(x, 1)

We will proceed by expanding y and V in perturbation series with respect to ¢ and formulating
the boundary value problems for the first and second order terms. In doing so we will meet
secular terms that have to vanish in order to guarantee boundedness. This will provide the
two remaining relations between the six slowly varying parameters of the problem.

We introduce the following expansions:

2D %3, )= x:1(p, X, y, ) + 22(p, x, y, 1) + O (%),
Vip, x,t) =V(p,x, 1)+ V,(p, x,£)+O(%),

where the subscript 1 denotes terms of order ¢ and the subscript 2 terms of order 2. Further-
more we recall that @ and U were expanded as follows:

D(p, x, y, ) =D, (P, x, y, )+ D,(p, x, ¥, 1) + 0 (&%),
Up.x,t) =Up, x, 1)+ U(p, x 1)+ 0%,

where the subscripts 1 and 2 again denote terms of order ¢ and &2 respectively. Noting that f3,
7, B; and y, are quantities of order &%, the above expansions are inserted into the boundary
value problem for y and V. For the terms of order ¢ the following problem is obtained:

Journal of Engineering Math., Vol. 3 (1969) 45-54



48 H. W. Hoogstraten

Ko W ippt A1y = — Ky P1p—2KP ., for —h,<y<o0, (3.1)
X1, =0, on y=—h,, (3.2)
gVi—woxip=—Py,, on y=0, (3.3)
0oVipt+ X1y = Ues on y=0. (34)

Notice that the expansion with respect to ¢ implies that the free surface conditions are to be
satisfied on the line y=0, and that x, and V, satisfy a linear, inhomogeneous boundary value
problem. \

For the second order terms y, and V, we obtain the problem:

K2X2pp+X2yy= — K Doy —2KP5 ) — B, for —h,<y<0, (3.5)
X2y =0, on y= —h,, (3.6)
sz"on2p=(Don(Plpy-}-a)olelpy—xchlpxlp+y1+

— @ 1y Py — kD, Py on y=0, (3.7
on2p+X2y=Kz(p1pV1p+K2U1pX1p“U1X1yy-V1¢1yy+

+ Uy +xU; @1+, Uy, on y=0. (3.8)

At first let us consider the boundary value problem for y,; and V;. Elimination of V; from free
surface conditions (3.3) and (3.4) and using the explicit expressions for @, and U, yields the
boundary condition for ¥, :

2

® o

_ggxlpp-l_xly:Ult + “g_0¢1pt=ao CO§p, on y=0, (39)
with the abbreviation:

wy 0 w, 0 [a*

oo =a, + —gg E(Al cosh khg) = —ag E<w_o>
The differential equation for y, becomes:

K2 %1 pp+ X1y = %1 COsh[K(ho+¥)] cos p+a,(ho +y) sinh [x(ho+y)] cos p, (3.10)
where we have put:

oy = —Kk, A1 —2kA;,, o= —2kK,4,,

and where 4, is defined by equation (A.14).
A particular solution of equation (3.10) satisfying the bottom condition and which is bounded
/in the strip —hy <y <0, is given by the periodic function:

o o o .
7P = ﬁ (y+ho)* cosh[k(hy+y)] cos p+ (ﬁ - Z}%) (y+ho) sinh [x(h,o+y)] cosp.

Putting y, =¥+ 7., then ¥, satisfies the equation
7 ot X1y =0,

with boundary conditions

2
(X1yly=-n=0 and [—goxm,-l—xly} = Cosp,
y

where we have put

) (o a ) a
o=aq + f(ﬁ — 4—;5> hg sinh xho—ﬁho cosh xhy+

- (g_l — :%) (sinh khy+ Kkh, cosh khg) .
K
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Non-linear dispersion of Stokes waves 49

It may be verified that this boundary value problem for %, has a solution of the form:
Ca{p sin p cosh [x(y+ho)] —x(y+ ho) cos p sinh [x(ho+ )]} ,

with C a constant. This solution is not bounded for large p and hence the term o cos p in the
free surface condition for ¥; must vanish. This leads to the equation:

wo 0 (a? sinh? kh,
=-— —|— |~ khgAd;, ————— + A;h
YT a <w0> Fhofix Cooh Khg + Aoty cosh rcho +

+ Ay, (sinh kho +xhg cosh khy)=0.

After considerable manipulation this equation reduces to the equation of conservation of.
“energy” E=a?/w,:
JE @

m + a,[wb(K)E] =0. (3.11)

For y, we have the equation:

K2 Aapp+ X2y = — Br—2K, A, cosh[2k(hy+y)] cos 2p+
0
—4k = {A, cosh[2x(ho+y)]} cos 2p. (3.12)

The inhomogeneous term of equation (3.12) contains terms with cos 2p and a term — 8, which
is constant with respect to p. The terms with cos 2p cause no difficulties but the constant term
may induce unbounded terms in y, as will appear below.

Furthermore we observe that the inhomogeneous terms in the free surface conditions (3.7)
and (3.8) are made up by terms containing the factor cos 2p and terms that are constant with
respect to p. Eliminating V, from conditions (3.7) and (3.8), it is clear that only the constant
terms in the righthand side of condition (3.8) will remain in the resulting free surface condition
for x,, because the constant terms of condition (3.7) vanish by differentiation with respect to
p. Writing condition (3.8) as:

0
w0V2p+X2y = KZ % (V1¢1p+ U1X1p)+ U2t+KU1pd§1x+

KD, Uyt U, (e, @y, +2D, ), on y=0,

it is seen that the constant term in the righthand side is independent of ¥, and V. Schematically
we have the following boundary value problem for y,:

KZXpr+X2yy= —ﬁx+[] cos 2p’ _—h0<y<0,
X2y=09 on y=—h0,
wZ

70 Y2ppt A2y = bi+3Kka(A,, cosh kho+ A,k by sinh khg)+

+3 (o), A, cosh xhy+[...] cos 2p, on y=0.

The terms with cos 2p do not give rise to unbounded terms in y, and need not be considered
further. If only the constant parts of the inhomogeneous terms are considered and a function
¥, is introduced by:

X2= =3Py +ho)’ +%5 »
the resulting boundary value problem for %, is similar to that for 7}, only with the term « cos p
in the free surface condition replaced by the constant term

6 = Bho+b,+4xa(A,, cosh xho+ Ak hg sinh xhy)+3(ax), A; cosh khj .
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50 H. W. Hoogstraten

Introducing the complex conjugate {(p, y) of 7,(p, y) and putting
f(Z)==72(13,y)+iC(p,y), Z=—§+iy,

then f(z) is an analytic function of z which has to be bounded in the strip —h,<Im z<0.
The free surface condition for 7, may be written as:
2 2
(1)0 ~
- Xpr+X2y = —g_Xpr'“KCp= g, on y= 0.

Integration with respect to p then gives the condition:
w3
7 X2p—k{=aop+constant, on y=0.
Now both y,, and { should be bounded for all p on y=0, so op is a secular term. Hence 0 =0,

which leads to the equation:
ob o 0 [ga*k
— 4+ hy=— + — =0. .
Tt o <2w0 (3.13)
This equation completes the set of six equations (2.13), (2.14), (2.15a, b), (3.11), (3.13) for the

slowly varying functions x(x, t), w(x, t), a(x, t), b(x, t), B(x, t) and y(x, t). This set of equations
may be reduced to a set of four equations by elimination of w(x, t) and y(x, t):

ok 0 gbx? L3

a + x [w0+ﬁk + —‘——'—20)0 COShZKhO + 39K DOE:\ =0,
E &,

% T g (@) E]=0,

ap 0 grwo E _

o o [gb * sinbarhg |~

b 0

Fras b}'[ﬁho‘i'%ng] =0,

which is in exact agreement with the results of Whitham [ 1], [2], and for a detailed investigation
of these equations we refer to these two papers of Whitham.

Appendix: Periodic Progressive Stokes Waves

In this appendix we will derive the periodic progressive wavetrain solution of the original
boundary value problem given by equation (1.1) together with boundary conditions (1.2), (1.3)
and (1.4), which is expressed in the non-stretched coordinates x, y, t. Many authors ,starting
with Stokes in 1847 have given solutions of this problem which are of the form:

5(x,y,t)=d~§(x—ct,y), nix, t)=nx—ct),

where @ and 7 are periodic functions of the phase 8 = x — ct. See for instance Lamb [4], Bowden
[5] and Wehausen and Laitone [6]. In fact the assumption of periodicity of & in 6 does not
allow a mean velocity § in the x-direction. Such a mean velocity would give rise to a term fx
in & which is not periodic in 0. In this Appendix a term fx is added to & and also the constant
y occurring in the condition of constant pressure on the free surface (equation 1.3) is absorbed
into & by adding a term — yt. Hence we will construct a solution of the problem of the following
form:

B(x, y, 1) = fx—yt+p(x—ct, y)}
nx, ) =n(x—c)
Journal of Engineering Math., Vol. 3 (1969) 45-54
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Non-linear dis})ersion of Stokes waves 51

with ¢ and # periodic functions of the phase §=x—ct. This more general representation is
also used by Whitham [1], [2], who proceeds by applying an averaged Lagrangian principle.
In the present case we will use a perturbation series approach.

Insertion of equations (A.1) into the boundary value problem for & gives a boundary value
problem involving ¢(6, y) and 7(6):

Poot+ 0, =0, for —hy <y <n(9), (A2
0,=0, on y= —hg, (A.3)
(B—) e+ 1009—,=0, on y=n(0), A4
gn+(B—c)@e+3(ps+0l)=y—%p>, on y=n(h). (A.5)

An exact explicit solution of this problem is not available and all investigations of Stokes
waves are concerned with finding series expansions of ¢(f, y) and 7(#) in powers of a small
parameters ¢ =ka, where x is the wavenumber per 2z and a is a measure for the amplitude of
the wave. This means that we are considering waves of moderately small amplitude and given
wavelength 27/k, and also we suppose that the various functions and constants occurring in
the boundary value problem for ¢(6, y) and #(f) can be expanded as follows:
@(0, y) = @6, )+ ®,(6, y) +&> 3 (0, y) + ...,
1(6) = eU, (0) +&> U, (0) + £ Us(6) + ...,
c=w/Kk=cot+ec,+e2c,+E%cs+ ...,
?=£2?0+£3?1+..., B=82B0+83ﬁ1+....
The first terms in the series for (6, y) and #(6) are assumed to be of order ¢, corresponding
to linear waves of infinitesimal amplitude. Furthermore, the constants § and y, which are
quantities that are absent in the linear theory, are assumed to be of order ¢ and hence only
play a role in the higher order perturbations accounting for the non-linear effects.
It is seen from equation (A.2) that all functions @,(6, y) satisfy the equation:
¢i99+ dsiyy = 0 N l = 1, 2, 3, eey (A6)
with boundary condition
@, =0 on y=—h,. A7)

The free surface conditions (A.4) and (A.5) are now expanded straightforwardly with respect
to ¢ and yield the following conditions for the first order terms @, and U, to be satisfied on
y=0:
Ui+ @1,=0, gU;—¢co®;,=0.
The second order terms &, and U, satisfy on y=0:
CoUzp+ Py, = =1 Usg+ Uyg@15— U Dy, , (A.8)
gU,—co®@rp=c1P1p+coUy P 1g,—5(PTp+ D1,) + 70 - (A9)
The third order terms @3 and Uj satisfy on y=0:

CoUszg+ @3, = —c Ugp+ (Bo—c2)Usg— Ui @y, — UZdjlyy—%U%dslyyy—"

+Uz0 P19+ Uy Uy @19+ Usg P (A.10)
gUs —co@P3g=coU; ¢20y+%c0 U%‘Dwyy"‘ coUp @19y — P15(Uy Py, + Prg) +
— @, (U By, + Do)+ ¢1(Prp+ Uy Drp,) — (Bo—c2) Pro+ 71 - (A.11)

The first order problem for @, (6, y) and U,(0) is solved by:

e®,(0, y)= A4, cosh[x(ho+y)] sin k0, (A.12)
eU;(6) =a cos kb . (A.13)
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52 H. W. Hoogstraten

The unknown constants A; and ¢, are expressed in terms of a and « by substitution of equa-
tions (A.12) and (A.13) into the free surface conditions for &, and U,, yielding:

ac,

A = 0
' sinh kh,’ (A.14)
and the dispersion relation for linear waves:
2 = %tgh xhe . (A.15)
The free surface conditions (A.8) and (A.9) for &, and U, now become respectively:
CoUsze+ @5, = ¢, sin kB —c, cotgh xh, sin 2«0 , (A.16)
gU, — o @y = cocy cotgh khy cos k0+y,+4c3(1—cotgh?khy) +
+4c¢(3—cotgh?xh,) cos 2«6 . (A.17)
Elimination of U,(6) gives one condition for &,(6, y) on y=0:
2
ig‘l D99+ P2, = 2¢, sin kb —c, cotgh xhg sin 2x0+
3
CoK 1 .
— 1 = ——5— 26 . .
+ p <1 e Kh()) sin 2k (A.18)

The general representation for @, (6, y) having period 2n/x and satisfying equation (A.6) with
boundary condition (A.7) is:

®D,(0, y) =0+ Y, «;coshjr(y+ho)] sin jkb . (A.19)
=1

Upon calculation of the unknown coefficients a; by substitution of equation (A.19) into (A.18),
it is seen that the term with j= 1 automatically satisfies the homogeneous free surface condition

2
C
_g2¢299+¢2y=0 on y=0,

as a result of equation (A.15). Hence the term with sin «6 in the righthand side of (A.18) can
never be produced by the periodic solution (A.19). So we put ¢, =0. Homogeneous solutions
of the form

a, cosh [k (ho+y)] sin k0 (A.20)

can be added to @,(6, y) of course, but defining the amplitude a by fixing 4, =ac,/sinh xh,
as the coefficient of cosh [« (h, + y)] sin @ in the expansion of ¢(6, y), then terms such as (A.20)
need not be taken into account in the higher order perturbations @,(6, y), ®(6, ), etc.

The solution of the second order problem is then:

e*®,(0, y)= A, cosh[ 2k (ho+ y)] sin 2«0,
where A, is found by satisfying condition (A.18):
a’wq

A= =
27 % sinh*«h,

0(?). (A21)

[« ()

The corresponding second order approximation &2 U,(6) to the free surface elevation is cal-
culated from equation (A.17):

e2U,(0) = b+a, cos 2«0,
where the first approximation b to the mean height is given by
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%70 xa* 5
b=~ s aen, ~ )
and a, is given by:
—toh?xh
4, = dxg? S8 Kho _ 0(?) . (A22)

tgh® xh,

In order to obtain the second order term e?c, in the dispersion relation we have to investigate
the secular terms, viz. terms containing sin x6, in the boundary condition for the third order
problem. By substitution of the first and second order terms into conditions (A.10) and (A.11)
the third order free surface conditions are found to be of the form:

CoUsp+ P53, = py sin kb+ pj sin 3x0
gUs —co @39 =0, cos kB+ a5 cos 3k0+y,,
with constants x4, and o, given by:
e, = —a*i®(Bo—c,) —ax* A, cosh 2xhg—3a*x> A, sinh khy+
—x%A4,(5a,+Db) cosh xhy ,
&0, =[2acoA,k* —%+aA3x>] sinh 2xho+ [$coa? A, k3 — (Bo—c,)a’ k> A, ] cosh xh, +
+ [cobA  k* +4coa, A, k*] sinh kho— A, A, k? cosh 3kh, .
The constants u3 and g3 will not be needed because only terms with sin k6 and cos k8 will

give rise to secular terms. Elimination of U, (6) gives a condition for @5(6, y) only, which has
to be satisfied on y=0:

2
c oKCo| . 3o3Kkcy| .
;o Do+ P35, = l:ul + lg 0} sin k6 + I:ug, + z 0:' sin 3k .

By a similar reasoning as before it follows that no periodic solution for @;(6, y) can satisfy
this condition with the term with sin x6 included in the righthand side and hence we have:

a1KCqy

=0.

Hy +

After considerable manipulation this relation reduces to:
e*(c2—Bo) = 7¢q c0 cgsbh—z e + %QGZKZD(;Q >

with the abbreviation:

9 tgh* kho—10 tgh® xho+9

- 8 tgh? «h, ‘

Summarizing, we have the following results up to the second order of approximation:
®(x, y, t) = Bx—yt+ A, cosh [k(ho+y)] sin k8+ A, cosh[2k(ho+ y)] sin 2k0+ O(e?),

n(x, t) = b+a cos k0 +a, cos 2x0+ O(e)

D,

where the constants 4,, 4, and a, are given by:

2
_ _ ac _3_ %%
A= sinh khy’ 42=3 sinh*kh,’
a, = %Kaz’—-—————3 _tgh2 ho
tgh®xhg
Furthermore we have the dispersion relation
) = ke = o) + i + 2254 ga 20 4 063, (a.23)
2w, cosh?xhy Co
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54 H. W. Hoogstraten

with w}(x) = gx tgh xh,, and also a “pseudo”-dispersion relation:

gka®

~ 2 sinh 2xhy T

So it is seen that the uniform wavetrain solution depends on six parameters a, k, w, b, § and y
with two relations connecting them so that four of them may be chosen independently.

gb=7y 0(s?) . (A.24)
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